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Abstract
We explore the recent weak/strong coupling match of three-point functions in the AdS/CFT
correspondence for two semi-classical operators and one light chiral primary operator found
by Escobedo et al. This match is between the tree-level three-point function with the two
semi-classical operators described by coherent states while on the string side the three-point
function is found in the Frolov-Tseytlin limit. We compute the one-loop correction to the
three-point function on the gauge theory side and compare this to the corresponding correction
on the string theory side. We find that the corrections do not match. Finally, we discuss the
possibility of further contributions on the gauge theory side that can alter our results.
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1 Introduction, summary and conclusion
Integrability has been the driving force behind the recent progress in the study of the spectral
problem in the AdS/CFT correspondence between N = 4 Super Yang-Mills (SYM) theory
and type IIB superstring theory on AdS5 × S5 (see [1] and references therein). The spectral
problem consists of determining the exact spectrum of operators of the gauge theory in the
planar limit and match this to the spectrum of string theory states.
The study of the spectral problem allowed to compute the planar limit of 2-point corre-
lation functions of gauge invariant operators from their anomalous dimension. However, to
solve completely N = 4 SYM theory in the planar limit one should also know the set of all
3-point correlation functions. Thus, to have a full understanding of the AdS/CFT correspon-
dence in the planar limit one should be able to compute the 3-point correlation functions on
both the gauge theory and string theory sides, and match the two sides, possibly with the
aid of integrability. However, here one faces several challenges. On the gauge theory side, it
is considerably more difficult to compute 3-point functions than anomalous dimensions. In
fact, even the tree-level part is highly non-trivial. On the string theory side, one needs to
understand the vertex operators of string states in type IIB string theory on AdS5 × S5.
Since N = 4 SYM theory is a conformal field theory we have that 3-point correlation
functions are of the form
〈O1(x1)O2(x2)O3(x3)〉 = C123|x1 − x2|∆1+∆2−∆3 |x2 − x3|∆2+∆3−∆1 |x3 − x1|∆3+∆1−∆2 (1.1)
given three gauge-invariant operators O1, O2 and O3 with definite scaling dimensions ∆1, ∆2
and ∆3. To compute the full three-point correlation function it is thus enough to compute
the coefficient C123. In the planar limit N →∞ we are only interested in the leading part of
C123 which goes like 1/N .
Recently, progress on computing C123 have been made on the string theory side by con-
sidering the special case of a 3-point function with two heavy (semi-classical) operators and
one light chiral primary operator, starting with the papers [2, 3].1 In this case, it is possible
to compute the 3-point function using a prescription that employs the classical string world-
sheet corresponding to the two-point function of the heavy operators. This prescription rests
1For recent work on holographic 3-point functions see [4, 5, 6, 7, 8, 9, 10, 11].
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on the validity of the probe approximation for the supergravity state dual to the light chiral
primary operator.
Building on this, a weak/strong coupling match for this type of 3-point functions was
found in [7] where the tree-level part of a 3-point function in gauge theory has been matched
to the corresponding 3-point function on the string side, taking the so-called Frolov-Tseytlin
limit [12, 13].2 The operators in the three-point function all being in the SU(3) sector.3 The
goal of this paper is to further explore this match by considering the one-loop correction on
both sides of the correspondence.4
The Frolov-Tseytlin limit was originally conceived as a limit of classical string solutions
of the bosonic sigma-model on AdS5 × S5. In the case of a string moving on S5 with angular
momentum J , the energy of the string is expanded in a limit of large J around a BPS
solution with the expansion parameter λ/J2. This expansion can then be compared to the
loop expansion on the gauge theory side. The expansion coefficients match the gauge theory
side up to and including the second order in the expansion parameter, meaning two-loops
on the gauge theory side, but the matching breaks down at three-loops [15, 16]. In [17] it is
shown that the match at one-loop is not a coincidence but instead a result of the quantum
corrections to the string being suppressed near the BPS point, enabling one to consider a
regime where the classical action of the string is large even if one approaches weak ’t Hooft
coupling.
The understanding of the Frolov-Tseytlin limit was further enhanced with the work of
Kruczenski [13]. There it is shown how for semi-classical operators on the gauge theory side
one can use a coherent state description thus enabling one to write down an effective sigma-
model description. Hence, one can directly compare the sigma-model action for semi-classical
operators on the gauge theory side to the classical sigma-model action on the string theory
side in the Frolov-Tseytlin limit. In particular, if we consider operators in the SU(3) sector
we find on both the gauge theory and string theory sides the energy (scaling dimension)
E = J +
λ
2J
∫ 2pi
0
dσ
2pi
∂σu¯ · ∂σu +O(λ2/J3) (1.2)
with the non-linear sigma-model field u(τ, σ) taking values in C3 and being a solution of the
equations of motion (EOMs) following from using (1.2) as the Hamiltonian supplemented by
the constraint u · ∂σu¯ = 0.
The work of [7] can thus be seen as a natural extension of the work of [12, 13] to 3-point
correlation functions, using the prescription of [2] for two semi-classical operators and a light
chiral primary operator in the SU(3) sector of N = 4 SYM theory. Amazingly, they found
2Another interesting context in which coherent states on the gauge theory side have been compared to
semi-classical string states in the AdS/CFT correspondence is in the case of non-planar corrections to folded
Frolov-Tseytlin strings [14].
3Recently in [8] an analogous computation for operators in the SL(2) sector was considered. Also in this
case it was found perfect agreement between the weak and strong coupling result.
4Note that it was conjectured in [5] that both the tree-level and one-loop contributions on the gauge theory
side matches the zeroth and first order contributions in the Frolov-Tseytlin limit on the string theory side for
3-point function of the kind we are examining in this paper.
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on both the gauge theory and the string theory side the same result
C
(0)
123 =
J
N
(j2 + j3)!
j2!j3!
√
j1!j2!j3!
(j1 + j2 + j3 − 1)!
∫ 2pi
0
dσ
2pi
u¯j11 u
j2
2 u
j3
3 (1.3)
The gauge theory operators are constructed from the three complex scalars Z, X and Y of
N = 4 SYM theory and their complex conjugates Z¯, X¯ and Y¯ . The O1 operator is made of
J1 + j1 Z¯’s, J2− j2 X¯’s and J3− j3 Y¯ ’s, the O2 operator of J1 Z’s, J2 X’s and J3 Y ’s and the
O3 operator of j1 Z’s, j2 X¯’s and j3 Y¯ ’s. We introduce the quantity J = J1 + J2 + J3. Note
that, by construction, this is a non-extremal 3-point function for j2 + j3 6= 0. While O3 is
taken to be a 1/2 BPS chiral primary operator, O1 and O2 are constructed as coherent states
with corresponding sigma-model fields u(τ, σ) and u¯(τ, σ), respectively. Here u = (u1, u2, u3)
is a solution of the EOMs following from the one-loop Hamiltonian (1.2). The coefficient (1.3)
is then computed at tree-level by doing Wick contractions. On the string theory side, one
considers the leading part of C123 in the Frolov-Tseytlin limit of the corresponding 3-point
function using the prescription of [2].
In this paper we explore whether the match of the 3-point correlation function coefficient
(1.3) between the gauge theory and string theory sides can be extended beyond tree-level on
the gauge theory side to include the one-loop correction, corresponding to the first order in
the Frolov-Tseytlin expansion parameter λ/J2 on the string theory side.
On the gauge theory side we write the tree-level and one-loop part as
C123 = C
(0)
123 + λC
(1)
123 + · · · (1.4)
where C123 is the coefficient in (1.1). Note that in (1.1) we use the renormalized operators thus
C
(1)
123 is the scheme-independent part of the one-loop coefficient. To simplify our computation
we consider a special class of operators with J3 = j3 = 0 and j1 = j2 = j. Then all three
operators are in an SU(2) sector of N = 4 SYM theory (note that obviously they are not in
the same SU(2) sector). The leading order part (1.3) takes the form
C
(0)
123 =
1
N
j!J√
(2j − 1)!
∫ 2pi
0
dσ
2pi
(u¯1u2)
j (1.5)
For this class of operators we compute the one-loop correction C
(1)
123 to the 3-point correlation
function coefficient on both the gauge theory and the string theory side.
On the gauge theory side the one-loop correction diagrams contributing to C
(1)
123 can be
computed in the planar limit using the prescriptions given in [18, 19, 20]. However, there is
another contribution as well [21, 22, 23]. The origin of this is that our computation should
be thought of as the first correction in an all-order series in powers of λ. Thus, since u(τ, σ)
receives corrections at order λ from considering the two-loop contribution to the effective
sigma-model description (1.2), these corrections also contribute to the 3-point function. Writ-
ing u = u(0) +λJ−2u(1) +O(λ2) we can find this type of corrections simply by substituting in
the full u in C
(0)
123 of Eq. (1.5) and extracting the λ corrections. Combining both contributions
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to the one-loop correction, we find
C123 =
1
N
j!J√
(2j − 1)!
∫ 2pi
0
dσ
2pi
(u¯1u2)
j
[
1− λ
2J2
{
∂σu¯ · ∂σu
+
j2 − 1
2
(∂σ(u¯1u2)
u¯1u2
)2
+
∂σu¯
1∂σu2
u¯1u2
}]
+O(λ2) (1.6)
where u = u(0) + λJ−2u(1) + O(λ2) is the full sigma-model field including the correction
coming from the two-loop Hamiltonian. The full computation leading to Eq. (1.6) is laid out
in detail in Section 2 of this paper. Moreover, in Section 2.3 we discuss the possibility of a
further contribution to the result (1.6) coming from the so-called spin-flipped coherent state
[24].
Turning to the string theory side the prescription of computing the 3-point correlation
function coefficient C123 for two semi-classical operators and a light chiral primary operator
is [2]
C123 = cj
√
λ
N
∫ +∞
−∞
dτe
∫ 2pi
0
dσ
2pi
(U¯1U2)
j
cosh2j( τeκ )
[
2
κ2 cosh2( τeκ )
− 1
κ2
− ∂aU¯ · ∂aU
]
(1.7)
for the class of operators we are considering, with cj a function only of j and τe is the Euclidean
time. Here U(τ, σ) takes values on C3 and describes the embedding of the type IIB string on
S5. In the Frolov-Tseytlin limit we consider the fluctuations around a point particle moving
with angular momentum J around one of the equators. We can write U = eiτ/κu where u
describes the fluctuations and κ =
√
λ/J . 5 The Frolov-Tseytlin limit in our notation is then
κ → 0 with 1κ∂τu and ∂σu fixed. This gives an expansion in κ2 = λ/J2 which parallels the
loop expansion on the gauge theory side.
Performing now the Frolov-Tseytlin expansion in (1.7), as well as in the bosonic string
sigma-model on R× S5, we find
C123 =
1
N
j!J√
(2j − 1)!
∫ 2pi
0
dσ
2pi
(u¯1u2)
j
(
1− λ
J2
(2j + 1)
2j
∂σu¯ · ∂σu
)
+O(λ2/J4) (1.8)
It is important to remark here that u obeys the same EOMs as those following from the two-
loop extension of the Hamiltonian (1.2). This is due to the well-known fact, shown explicitly in
[12, 13, 24, 25, 26], that the sigma-models in the Frolov-Tseytlin limit following Kruczenski’s
work match for both one- and two-loops. Therefore, u in (1.8) as well as in (1.6) obeys the same
corrected EOMs, i.e. it includes the same λ/J2 corrections in u = u(0) +λJ−2u(1) +O(λ2/J4)
on both sides of the correspondence. This means that it is more convenient not to write these
corrections to C123 explicitly as they already are guaranteed to match from the fact that the
C
(0)
123 in (1.5) matches. The full computation of (1.8) is described in detail in Section 3.
Comparing now C123 on the gauge theory side (1.6) and the string theory side (1.8) we
see that they do not match. This means that the match between the tree-level gauge theory
answer and the leading Frolov-Tseytlin limit on the string side (1.5) found in [7] does not
extend beyond one-loop. However, we discuss below the possibility of further contributions
on the gauge theory side to the 3-point coefficient Eq. (1.6).
5Note that κ in this paper corresponds to 1/κ used in [7].
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An immediate question to ask now is whether one should have expected a match, or in
other words, whether a mismatch is consistent with our current knowledge and hypothesis
surrounding the AdS/CFT correspondence. The answer is that a mismatch does not contra-
dict anything of what we know about the AdS/CFT correspondence. First of all, the result
(1.6) is computed at weak ’t Hooft coupling λ  1 and (1.8) at strong ’t Hooft coupling
λ  1. Thus, without further arguments, it is by no means clear why there should be any
match at all, even for the leading result (1.5).
The only known possible line of argument for a match of the two sides seems to be the
one of [17]. In [17] it is argued why the one-loop part of the energy/scaling dimension in (1.2)
matches. The central point of the argument is to consider perturbations around a protected
BPS state with energy J , the leading contribution in (1.2). This means that one can consider
a regime with E − J  λ 1 and J  1. In [17] it is then shown that it is possible to take
a limit on the string side that zooms in to this regime, which requires taking λ to go to zero.
Said briefly, this is possible because the effective string tension in front of the sigma-model
action in this limit becomes J rather than
√
λ and because the quantum corrections, either
from the background, or from the fields that decouple in the limit, are suppressed.
However, unfortunately it seems that the line of arguments of [17] does not extend to the
type of 3-point functions considered above. This is because the tree-level part (i.e. leading
part of Frolov-Tseytlin limit) of C123 is not a protected quantity. Instead the tree-level answer
(1.5) receives corrections in powers of 1/J as compared to the corresponding 3-point coefficient
CBPS123 for chiral primary operators with the same charges. Considering now C123/C
BPS
123 − 1
the leading correction on the gauge theory side comes from the tree-level part and goes like
1/J2. Instead on the string theory side we have λ/J2 corrections coming from the first order
part of the Frolov-Tseytlin expansion in λ/J2. And since λ  1 these dominate over 1/J2,
unlike on the gauge theory side.
While no known argument exists for a match of C123 for the class of 3-point functions
considered here, it is still worth considering whether the mismatch that we find could stem
from overlooked subtleties on either the gauge theory or the string theory side.
On the gauge theory side we use the prescription of [18, 19, 20]. This seems a physically
sound prescription, as it consists in computing all the 3-point diagrams involving all three
operators using the one-loop Hamiltonian and summing them up. However, it would be
prudent to validate further this prescription by making checks for explicit examples, such as
in [23]. On the string theory side we use the prescription of [2] which is equivalent to that of
[3] for computing 3-point correlation functions of two semi-classical operators and one light
chiral primary operator. But it is still unclear whether this is the right prescription for this
computation [9, 10, 11]. Note that on the gauge theory side, one needs to address the subtlety
that the two semi-classical states which are approximated with the same coherent state have
to be slightly different due to conservation of the R charges. In [7] it is argued using numerics
that the right prescription is that the two operators differ by a zero mode. However, it is not
clear that this extends to one-loop, thus it would be useful if one could numerically test our
gauge theory result (1.6) for explicit examples of operators. Finally, as already mentioned
above, in Section 2.3 we discuss the possibility of a further contribution to the result (1.6)
coming from the so-called spin-flipped coherent state [24].
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In conclusion, we think that the study of the 3-point correlation functions in the planar
limit of the AdS/CFT correspondence is a highly fascinating new avenue to follow and that it
would be very interesting if the techniques of integrability could be extended to this as well.
With this in hand, one could possibly understand how the 3-point coefficients (1.6) and (1.8)
can interpolate from weak to strong coupling. This is clearly an interesting problem that
deserves further investigation also in view of the fact that a similar comparison between the
weak and the strong coupling result in the case of 2-point correlation functions was crucial in
establishing a connection between the two opposite regimes. A similar study in the case of
3-point correlation functions would be important in deriving an all loop result.
2 Gauge theory side: Non-extremal 3-point functions
In this section we compute the one-loop correction to the planar limit of a non-extremal 3-point
function with two heavy (semi-classical) operators and one light chiral primary operator, each
in a separate SU(2) sector of N = 4 SYM. Following [7] we use coherent states to approximate
the two heavy operators. The one-loop correction is computed using methods of [18, 19, 20].
The result of the computation is the formula (1.6) listed in the Introduction.
Below we describe the gauge theory operators, setup the notation for our computation and
briefly review the sigma-model description of the two heavy operators. In Section 2.1 we review
the tree-level part of the result found in [7]. In Section 2.2 we compute the one-loop correction
to the tree-level result including both the contribution coming from requiring the two heavy
operators to correspond to eigenstates of the two-loop correction of the dilation operator,
and the contribution coming from one-loop diagrams for the 3-point function. Finally, in
Section 2.3, we consider the possible contribution due to the correction to the coherent state
description from spin-flipped coherent states.
The three operators
The three operators Oi(xi), i = 1, 2, 3, for which we compute the 3-point function (1.1) are
given as follows. All three operators are in the scalar sector of N = 4 SYM theory and we
consider single trace operators made out of three complex scalars Z, X and Y . Moreover,
each operator is in an SU(2) sector of N = 4 SYM. Specifically, O1(x1) is made of J1 + j Z¯
scalars and J2 − j X¯ scalars and has length J = J1 + J2. O2(x2) is made of J1 Z scalars and
J2 X scalars and also has length J . O3(x3) is the 1/2 BPS chiral primary operators made
of j Z scalars and j X¯ scalars. Note that this gives a non-extremal 3-point function for any
non-zero j.
In more detail, the O1(x1) and O2(x2) operators are semi-classical operators thus with
J  1, and are written as
O1(x1) = N1u¯i1(k + 1
l
) u¯i2(
k + 2
l
) · · · u¯iJ (k
l
) : Tr(W¯i1W¯i2 · · · W¯iJ ) : (x1) (2.1)
O2(x2) = N2vj1(
k + 1
l
) vj2(
k + 2
l
) · · ·vjJ (
k
l
) : Tr(W j1W j2 · · ·W jJ ) : (x2) (2.2)
with
W i = (Z,X) , W¯i = (Z¯, X¯) , l ≡ J
2pi
(2.3)
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Here u(σ) and v(σ) correspond for each site of the single trace operators to coherent states in
the spin 1/2 representation of SU(2). Specifically the k’th site is at σ = k/l and the functions
u(σ) and v(σ) are periodic in σ with period 2pi and they take values in C2. That the two
operators are semi-classical also means that the functions u(σ) and v(σ) are slowly varying
in σ. The third operator O3(x3) we can write as
O3(x3) = N3 : Tr(sym(X¯jZj)) : (x3) (2.4)
It is important to note that we did not include the corrections to the coherent state description
of the operators (2.1)-(2.2) from the so-called spin-flipped coherent states [24]. We consider
the effect of this in Section 2.3.
We want to compute the one-loop correction to the coefficient C123 appearing in Eq. (1.1).
We therefore write
C123 = C
(0)
123 + λ
′C(1)123 +O(λ′2) (2.5)
where we introduced the quantity λ′ = λ/J2 since this is the parameter that naturally appears
in the expansion.
In the following we present a brief summary of the Landau-Lifshitz model for semiclassical
operators, then we review the computation of the leading term C
(0)
123 and explain how we
compute the one-loop, scheme-independent, contribution C
(1)
123.
The sigma-model description
Semiclassical operators in the SU(2) sector of N = 4 SYM theory can be described using the
Landau-Lifshitz sigma model [13].
In the planar limit the one-loop correction to the dilatation operator of N = 4 SYM theory
can be regarded as the Hamiltonian
H =
λ
8pi2
J∑
l=1
(Il,l+1 − Pl,l+1) (2.6)
where Il,l+1 is the identity operator and Pl,l+1 is the permutation operator. Acting with this
Hamiltonian on a semiclassical operator such as O1 one can compute the energy which, up to
one loop order, is given by
E ' J
(
1 +
λ′
2
∫ 2pi
0
dσ
2pi
∂σu¯ · ∂σu
)
(2.7)
for large J , where J is the bare scaling dimension of the operator.
For use below we note that it was found in [7] that one can choose a gauge for the local
U(1) phase symmetry transformation of u(σ)→ eiΛ(σ)u(σ) such that
u¯′ · u = u¯ · u′ = 0 (2.8)
This is in accordance with the Virasoro constraint on the string theory side.
As anticipated in Section 1, the two-loop contribution to the Landau-Lifshitz sigma model
generates corrections of order λ to the coherent state function u(σ) that describes the gauge
theory operators. Since these corrections also contribute to the computation of the 3-point
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function coefficient C123 at one-loop, we have to take them into account. The wave function
u(σ) appearing in our expressions should therefore be solution of the EOMs of the Landau-
Lifshitz model up to two-loops.
To write down the two-loop contribution to the sigma model, it is convenient to use the
following notation. We are considering gauge theory operators in the SU(2) sector of N = 4
SYM on R× S3. To obtain a sigma-model description of single trace operators we introduce
a coherent state |~n〉 for each site of the trace such that
〈~n|~σ|~n〉 = ~n (2.9)
where ~σ are the two by two Pauli matrices and ~n is a unit vector pointing to a point on the
two-sphere parameterized as
~n = (cos θ cosϕ, cos θ sinϕ, sin θ) (2.10)
In the limit J →∞ the Lagrangian of the Landau-Lifshitz model up to two loops reads [24]
LLL = 1
2
sin θϕ˙− λ
′
8
(~n′)2 +
λ′2
32
[
(~n′′)2 − 3
4
(~n′)4
]
+O(λ′3) (2.11)
where prime denotes derivatives with respect to the continuos variable σ which can be intro-
duced to describe the trace in the limit J → ∞. σ is periodic with period 2pi therefore we
map the k’th site to σ = 2pik/J and we consider the field ~n(t, σ). Accordingly the discrete
sum over the sites of the single trace operators is mapped to the integral J2pi
∫ 2pi
0 dσ. Moreover,
in deriving (2.11) one also uses that
~nk+1 − ~nk = exp
(
2pi
J
∂σ
)
~n− ~n (2.12)
It is important to note that the two-loop Lagrangian (2.11) is derived by including the effect
of spin-flipped coherent state [24]. We discuss the correction from spin-flipped coherent states
to the heavy operators (2.1)-(2.2) in Section 2.3.
Instead of using the unit vector ~n, in the rest of this section we will describe the semiclas-
sical operators O1 and O2 using the complex functions u(σ) and v(σ) obeying the condition
u¯ · u = 1 and v¯ · v = 1.
2.1 Tree-level computation
We now review the computation of the leading planar contribution to 〈O1(x1)O2(x2)O3(x3)〉
at tree-level [7]. Define
B ≡
J∏
m=1
u¯(
m
l
) · v(m
l
) (2.13)
Note that B depends on u(σ) and v(σ) but not on the choice of k. Our convention for the
tree-level 3-point diagram is that we contract the j first letters of O1 with O3 and the rest
is then contracted with O2. Also, we contract the j first letters of O2 with O3 and the rest
with O1 (see Fig. 1). Disregarding propagators, combinatoric factors and such, the tree-level
contractions give
A(k) = B
k+j∏
m=k+1
u¯1(ml )v2(
m
l )
u¯(ml ) · v(ml )
(2.14)
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...
...
O2
O1
O3
Figure 1: Tree level contractions between O1, O2 and O3.
Including the sum over k, we have
∑
k
A(k) = B
∑
k
k+j∏
m=k+1
u¯1(ml )v2(
m
l )
u¯(ml ) · v(ml )
(2.15)
Since u¯ varies slowly and j  J , the difference for u¯ at two different values of σ can be
estimated using a Taylor expansion. Similarly can be done for v. We find
∑
k
A(k) = B
∑
k
(
(u¯1v2)(
k
l )
(u¯ · v)(kl )
)j (
1 +
j(j + 1)
2 l
(
(u¯1v2)
′(kl )
(u¯1v2)(
k
l )
− (u¯ · v)
′(kl )
(u¯ · v)(kl )
)
+ · · ·
)
(2.16)
with prime denoting the derivative with respect to σ.
Thus, approximately we find
∑
k
A(k) ' B
∑
k
(
(u¯1v2)(
k
l )
(u¯ · v)(kl )
)j
' B J
∫ 2pi
0
dσ
2pi
(
(u¯1v2)(σ)
(u¯ · v)(σ)
)j
(2.17)
We now want to use the approximation v(σ) = u(σ) in (2.17). Indeed, naively one can say
that since O3 is a small operator, O2 is to a good approximation the complex conjugate of O1
for j  J . However, as explained in [7], to make sure that the difference between O1 and O2
does not enter in the result (2.17) to leading order in a j/J expansion one needs to specify how
the difference between O1 and O2 in detail is realized. It is found in [7] that constructing O2
from O1 by adding more roots to already existing classical cuts one ensures that the difference
v(σ)−u(σ) is of order j/J which is enough to guarantee that the difference between u and v
does not enter to leading order. For use later below, we parameterize the difference between
9
...
...
H
O2
O1
O3
Figure 2: Example of a diagram contributing at one-loop with the insertion of the one-loop
Hamiltonian with two legs in O3 and the other two legs in O1 and O2 respectively.
O1 and O2 as
v(σ) = u(σ) +
j
l
δu(σ) (2.18)
Using now (2.18) in (2.17) we find that B = 1 to leading order in j/J and hence
C
(0)
123 =
N3
N
∑
k
A(k) =
1
N
j!J√
(2j − 1)!
∫ 2pi
0
dσ
2pi
(u¯1u2)
j (2.19)
up to finite size corrections in 1/J , where we used that N3 = j!√
(2j−1)! . This is obtained using
that among all possible terms in O3 only Tr
(
X¯jZj
)
can give a non-zero contribution to the
Wick contractions. This is the same result given in Eq. (1.5) and already derived in [7]. In
the following we extend this result to include the one-loop correction.
2.2 One-loop computation
At one loop there are two types of corrections that one should take into account. The first type
is due to the two loop contribution to the effective sigma model description which amounts
to corrections of order λ to the external wave function. The second correction is due to the
one-loop diagrams with two legs in one of the operators and the other two legs in two different
operators, as shown in Fig 2. These diagrams can be computed in the planar limit using the
prescription of [18, 19, 20].
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Two loop correction to the eigenstates
The first type of correction has been neglected in earlier studies of 3-point functions of gauge
theory operators in N = 4 SYM theory [18, 19, 20], as pointed out in [21, 22, 23]. While in
general it is rather complicated to take into account this contribution, it actually becomes
very easy for the particular set of operators that we are considering. This is due to the
enormous simplification that one has by using a coherent state representation for the gauge
theory operators. As already noticed in [7], this is also the reason that made the computation
of the leading order contribution to C123 possible.
In brief, to take into account this type of contribution we should simply use in our expres-
sions the wave function which is solution of the EOMs up to two-loops that one derives from
(2.11), with a change of notation from the vector ~n to u. In fact writing
u = u(0) + λ′u(1) +O(λ′2) (2.20)
and substituting the full u in (2.19) one can compute these type of corrections order by order
in λ′. We will implicitly compute these contributions by assuming that the function entering
in the one-loop result for C123 is the one in (2.20). This procedure can be extended to include
also higher orders in λ′. Note here that we assume that Eq. (2.18) holds also at order λ′ since
otherwise the difference between u and v would enter at order λ′ when inserting (2.20) in
(2.19).
One-loop diagram
The other type of correction contributing at one-loop comes form the insertion of the one-
loop Hamiltonian with two legs in one of the operators and the other two legs in two different
operators (see Fig 2). We compute these corrections using the prescription given in [18, 19, 20].
Since we have three operators, there are three types of diagrams. Following [18, 19, 20] we
have that
C
(1)
123 =
1
32pi2
J2N3
N
B
J∑
k=1
(
(u¯1v2)(
k
l )
(u¯ · v)(kl )
)j (
f123(k) + f
2
31(k) + f
3
12(k)
)
(2.21)
where B is given in (2.13), f123 is the constant referring to the 3-point Feynman diagram with
two contractions in O1 and one contraction each with O2 and O3 and so on.
For a given k, we compute
f123(k) = −
u¯i1(k+j+1l )u¯
i2(k+jl )vj1(
k+j+1
l )δ
1
j2
(u¯ · v)(k+j+1l )u¯1(k+jl )
Hj1j2i1i2 −
u¯i1(k+1l )u¯
i2(kl )δ
1
j1
vj2(
k
l )
u¯1(k+1l )(u¯ · v)(kl )
Hj1j2i1i2 (2.22)
f231(k) = −
δi12 u¯
i2(k+j+1l )vj1(
k+j
l )vj2(
k+j+1
l )
v2(
k+j
l )(u¯ · v)(k+j+1l )
Hj1j2i1i2 −
u¯i1(kl )δ
i2
2 vj1(
k
l )vj2(
k+1
l )
(u¯ · v)(kl )v2(k+1l )
Hj1j2i1i2 (2.23)
with
Hj1j2i1i2 = 2(I − P )
j1,j2
i1,i2
, , Ij1j2i1i2 = δ
j1
i1
δj2i2 , P
j1j2
i1i2
= δj2i1 δ
j1
i2
(2.24)
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From our choice of the operator O3, one can see that f312 = 0. This is because, among all the
states in O3, only two contribute to f312, namely Tr
(
X¯jZj
)
and Tr
(
X¯j−1ZX¯Zj−1
)
with a
relative minus sign.
Using that u¯(σ) and v(σ) vary slowly, along with Eq. (2.8) and Eq. (2.18), we compute
− 1
2
f123(k) = 2−
u¯1(k+j+1l )
u¯1(k+jl )
u¯(k+jl ) · v(k+j+1l )
(u¯ · v)(k+j+1l )
− u¯
1(kl )
u¯1(k+1l )
u¯(k+1l ) · v(kl )
(u¯ · v)(kl )
= 2−
(
1 +
1
l
u¯1′
u¯1
+
1
2l2
u¯1′′
u¯1
)∣∣∣∣
σ= k+j
l
(
1− 1
l
u¯′ · v
u¯ · v +
1
2l2
u¯′′ · v
u¯ · v
)∣∣∣∣
σ= k+j+1
l
−
(
1− 1
l
u¯1′
u¯1
+
1
2l2
u¯1′′
u¯1
)∣∣∣∣
σ= k+1
l
(
1 +
1
l
u¯′ · v
u¯ · v +
1
2l2
u¯′′ · v
u¯ · v
)∣∣∣∣
σ= k
l
=
{
2−
(
1 +
1
l
u¯1′
u¯1
+
j
l2
( u¯1′
u¯1
)′
+
1
2l2
u¯1′′
u¯1
)(
1− j
l2
u¯′ · δu + 1
2l2
u¯′′ · u
)
−
(
1− 1
l
u¯1′
u¯1
− 1
l2
( u¯1′
u¯1
)′
+
1
2l2
u¯1′′
u¯1
)(
1 +
j
l2
u¯′ · δu + 1
2l2
u¯′′ · u
)}∣∣∣∣
σ= k
l
=
1
l2
{
u¯′ · u′ − (j − 1)
( u¯1′
u¯1
)′ − u¯1′′
u¯1
}∣∣∣∣
σ= k
l
(2.25)
where we included terms up to order 1/J2. Similarly, we find
− 1
2
f312(k) = 2−
v2(
k+j+1
l )
v2(
k+j
l )
u¯(k+j+1l ) · v(k+jl )
(u¯ · v)(k+j+1l )
− v2(
k
l )
v2(
k+1
l )
u¯(kl ) · v(k+1l )
(u¯ · v)(kl )
=
1
l2
{
u¯′ · u′ − (j − 1)
(u2′
u2
)′ − u2′′
u2
}∣∣∣∣
σ= k
l
(2.26)
Inserting these results in (2.21) we obtain
C
(1)
123 = −
1
2N
j!J√
(2j − 1)!
∫ 2pi
0
dσ
2pi
(u¯1u2)
j
{
u¯′ · u′ − j − 1
2
( u¯1′
u¯1
+
u2
′
u2
)′ − 1
2
( u¯1′′
u¯1
+
u2
′′
u2
)}
(2.27)
Combining this with the result for the leading order (2.19) with the wave function u solution
of the EOMs up to two loops, we thus arrive at the final expression for the 3 point function
(1.1)
C123 =
j!J
N
√
(2j − 1)!
∫ 2pi
0
dσ
2pi
(u¯1u2)
j
[
1− λ
′
2
{
u¯′ · u′ + j
2 − 1
2
((u¯1u2)′
u¯1u2
)2
+
u¯1′u′2
u¯1u2
}]
+O(λ2)
(2.28)
where we used partial integration to remove double derivatives. In Section 3 we compute the
holographic dual of this quantity.
2.3 Correction from spin-flipped coherent state
In the above, we computed the one-loop correction to the 3-point function for two heavy
operators O1(x1) and O2(x2) and one light chiral primary operator O3(x3) using the coherent
state description (2.1) and (2.2) for the two heavy operators. However, as found in [24], while
at order λ gauge theory operators can be described in the long-wave length approximation
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using a coherent state, at order λ2 one has to use a linear combination of a coherent state
and a spin-flipped coherent state. This arises when integrating out the short scale degrees of
freedom in the spin chain description. We consider below the effect of using the full linear
combination, instead of only the coherent state part that we using in (2.1)-(2.2).
Correction to coherent state description from spin-flipped coherent state
Consider first the coherent state part. Note that we work in the SU(2) sector in the following.
We represent this by the state
|ψ0〉 = |~n1〉 ⊗ |~n2〉 ⊗ · · · ⊗ |~nJ〉 (2.29)
where for each site we write |~nk〉 = Rk | ↑〉 with Rk being a rotation matrix for the k’th
site. The continuum description uses instead the function ~n(2pikJ ) = ~nk. The state (2.29)
corresponds to the description of the O1(x1) and O2(x2) operators using Eqs. (2.1)-(2.2).
Note also that we require ~n(σ) to solve the EOMs of the two-loop effective Lagrangian (2.11).
However, as found in [24], the full gauge theory state at order λ2 (and for large J) is given
by
|ψ〉 =
(
1− 1
2
∑
k,k′
|ck,k′ |2
)
|ψ0〉+ |ψ1〉 , |ψ1〉 =
∑
k,k′
ck,k′ |k, k′〉 (2.30)
where |k, k′〉 is built from the coherent states with two spin flips
|↓a↓b〉 = R1|↑〉 ⊗ · · · ⊗Ra−1|↑〉 ⊗Ra|↓〉 ⊗ · · · ⊗Rb−1|↑〉 ⊗Rb|↓〉 ⊗ · · · ⊗RJ |↑〉 (2.31)
as follows
|k, k′〉 =
√
2
J
e−i(k+k
′)p
J∑
b>a=1
eika+ik
′b|↓a↓b〉 (2.32)
where p is a number giving an optional extra phase factor. Using the results and notation of
[24] we can write
|ψ1〉 = J
2
√
2
∑
a
∑
k,k′
2∑
q=1
λq
ei(k+k
′)(a−p)eik′q
(k) + (k′)
Aa,a+q−− |↓a↓a+q〉 (2.33)
with
λ1 =
1
4pi2
− λ
16pi4
, λ2 =
λ
64pi4
, (k) = J2[λ1(1− cos k) + λ2(1− cos 2k)] (2.34)
where (k) is the energy for one spin flip, and for large J we have
Aa,a+q−− '
1
2
(2piq
J
)2
B(
2pia
J
) , B(σ) = −(∂σθ)2 + sin2 θ(∂σϕ)2 − 2i sin θ∂σθ∂σϕ (2.35)
We now extract the part of this proportional to λ, discarding the terms which either give
finite-size corrections at order λ0 or terms of order λ2. Then, for large J , we can write
|ψ1〉 = λ
′
4
√
2
∑
a
B(
2pia
J
)
2∑
q=1
Fq(a− p)|↓a↓a+q〉 (2.36)
F1(a) = − 1
4J
∑
k,k′
ei(k+k
′)aeik
′
(2− cos 2k − cos 2k′)
(2− cos k − cos k′)2 , F2(a) =
1
J
∑
k,k′
ei(k+k
′)ae2ik
′
2− cos k − cos k′ (2.37)
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Spin-flip correction and the 3-point function
We now turn to the impact on the 3-point function computed in this paper. We can schemat-
ically write the two heavy operators as Oi(xi) = O(0)i (xi) +O(1)i (xi), i = 1, 2, where O(0)i (xi)
are now the operators given in Eqs. (2.1)-(2.2) using a coherent state description, and O(1)i (xi)
are the spin-flip corrections which can be inferred from (2.33). Note that to one-loop order
we can approximate |ψ〉 = |ψ0〉+ |ψ1〉. We have
〈O1(x1)O2(x2)O3(x3)〉 = 〈O(0)1 (x1)O(0)2 (x2)O3(x3)〉+ 〈O(1)1 (x1)O(0)2 (x2)O3(x3)〉
+〈O(0)1 (x1)O(1)2 (x2)O3(x3)〉+ 〈O(1)1 (x1)O(1)2 (x2)O3(x3)〉 (2.38)
We first remark that to one-loop order, we can only get a contribution from the spin-flip
correction for the tree-level diagram since |ψ1〉 in Eq. (2.36) is proportional to λ. Hence this
also holds for O(1)1,2(xi). From this it is also clear that the last term on the RHS of Eq. (2.38)
is of order λ2. Thus, at one-loop, the possible contributions from the spin-flipped coherent
state corrections can come from computing the tree-level Wick contractions for the second
and third terms on the RHS of Eq. (2.38) at tree-level.
Consider the Wick contractions of the term 〈O(0)1 (x1)O(1)2 (x2)O3(x3)〉. Thus, whileO(0)1 (x1)
is inferred from |ψ0〉 the operator O(1)2 (x2) is inferred from |ψ1〉. Consider now |ψ1〉 of
Eq. (2.36). Considering the tree-level Wick contractions we see that if the index a in (2.36)
points to a site that contracts with O(0)1 (x1), the contribution is zero since 〈↑ |↓〉 = 0. Hence
the non-zero contribution comes from values of a that point to sites that contracts with O3(x3)
(and also such that either a+ 1 or a+ 2 contracts with O3(x3)). Each of these sites contracts
with an X¯ in O3(x3). Due to the two spin flips, the contraction with the operator correspond-
ing to the state |↓a↓a+q〉 picks up a factor uj−22 u21 which combined with the Wick contractions
between O1(x1) and O3(x3) gives a factor (u¯1u2)j−2(u¯1u1)2 factor. Combined with the other
parts of (2.36) we pick up the contribution
λ′
4
√
2
B(σ)
[
j−1∑
a=1
F1(a− p) +
j−2∑
a=1
F2(a− p)
]
(2.39)
One can find numerically that F1(a) + F2(a) is of order 1/J for a 6= 0. However, taken
separately F1,2(a) are of order J . Moreover, F1,2(a) peaks around a = 0. Indeed for large J one
finds that F1(a)+F2(a) ∝ δa (note that this result is consistent with using the approximation
(k) + (k′) ' 2(k′) in [24]). Hence, the contribution (2.39) is highly sensitive to the value
of p. Since we seem to end up with a divergent result, we leave a further and more careful
analysis of the correction from the spin-flipped coherent state to future investigation.
However, we end this section with the following remarks. First, from conservation of R-
charge one could argue that the spin flip correction should end up being zero. Indeed, the
expectation values of the R-charges changes when flipping the spins in the coherent state.
This suggests that by R-charge conservation the second and third terms on the RHS (2.38)
should be zero. However, this is not a precise argument since the coherent states are not
eigenstates of the R-charges. Nevertheless one could speculate that the fact that the R-
charges in 〈O(1)1 (x1)O(0)2 (x2)O3(x3)〉 and 〈O(0)1 (x1)O(1)2 (x2)O3(x3)〉 are not conserved on the
level of expectation values should mean that their contributions are highly suppressed in the
large J limit.
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On a further note, a possible contribution from the spin-flip correction would seem to be
proportional to the function (u¯1u2)
j−2(u¯1u1B(σ) + u¯2u2B¯(σ)). This function is not propor-
tional to any of the three terms at order λ in (2.28). Thus, if this contribution is non-zero it
would seem that it introduces a new type of term in the 3-point function coefficient (2.28).
3 String theory side
In this section we describe the computation of the one- and two-loop correction to the holo-
graphic 3-point function coefficient for the case of the two semiclassical operators and the
small 1/2 BPS operator considered in the previous section. This is done following the work
initiated in Ref. [2, 7]. The two large operators are described by semiclassical strings while
the small BPS operator corresponds to a quantum string.
Our starting point is the sigma-model for type IIB string theory on AdS5 × S5 in the
regime in which it is described by the Landau-Lifshitz sigma-model [13].
We use in the following that
R4 = λ(α′)2 (3.1)
This relates the string parameters R and α′ to the ’t Hooft coupling λ of N = 4 SYM. Using
this we can formulate the string theory result in terms of gauge theory variables.
In the following we show how to compute the sigma-model Lagrangian up to the order
λ3. This is because we want to compute the 3-point correlation function coefficient up to
O(λ2). As anticipated in the Introduction, to do this one should use the wave function which
is solution of the EOMs up to O(λ3), since at each order in the expansion parameter, the wave
function receives corrections coming from the next order contribution to the effective sigma
model description. The explicit computation of the sigma model Lagrangian is performed
explicitly up to and including O(λ2) corrections. For the contribution at O(λ3) we explain in
words the procedure and we report the result [24, 26]. 6 At the end of this section we compare
the result that we get just at one-loop on the string side with the corresponding quantity
computed on the gauge theory side.
In the rest of this section we set α′ = 1 for simplicity. The metric for type IIB string
theory on AdS5 × S5 can be written as
ds2 = R2
[− cosh2 ρ dt2 + dρ2 + sinh2 ρ (dΩ′3)2 + dζ2 + sin2 ζ dα2 + cos2 ζ (dΩ3)2] (3.2)
and we also have the five-form Ramond-Ramond field strength
F(5) = 2R
4
[
cosh ρ sinh3 ρ dt dρ dΩ′3 + sin ζ cos
3 ζ dζ dα dΩ3
]
(3.3)
The three-sphere Ω3 is parametrized as
(dΩ3)
2 = dψ2 + cos2 ψdφ21 + sin
2 ψdφ22 = dψ
2 + dφ2− + dφ
2
+ + 2 cos(2ψ)dφ−dφ+ (3.4)
where 2φ± = φ1 ± φ2. The energy E of a string state and the SO(6) Cartan generators Ji,
i = 1, 2, 3, are given by
E = i∂t , J ≡ J1 + J2 = −i∂φ+ , J3 = −i∂α (3.5)
6An analogous computation up to the same order in λ has been performed in detail in [27, 28] for the case
of the AdS4/CFT3 correspondence.
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The holographic dual of the 3-point correlation function studied in the previous section cor-
responds to considering a string which is point like in AdS and is moving non trivially on a
3-sphere contained in S5, namely we consider the classical sigma-model on R× S3, therefore
we are only interested in the charges E, J1 and J2 and we can restrict to the region ρ = ζ = 0.
This gives the metric ds2 = R2[−dt2 + (dΩ3)2]. Introducing the new angles
θ ≡ 2ψ − pi
2
, ϕ ≡ 2φ− (3.6)
the metric becomes
ds2 = R2
[
−dt2 + 1
4
(dΩ2)
2 +
(
dφ+ +
1
2
sin θdϕ
)2]
, (dΩ2)
2 = dθ2 + cos2 θdϕ2 (3.7)
It is convenient to introduce the coordinates
x+ = λ′t , x− = φ+ − t (3.8)
where λ′ = λ/J2 and we are considering the limit λ′ → 0 as in the gauge theory case. In these
coordinates we have the following identification of the charges
i∂+ = H =
E − J
λ′
, −i∂− = J (3.9)
The metric then takes the form
ds2 = R2
[1
4
(dΩ2)
2 +
(
2
dx+
λ′
+ dx− + ω
)
(dx− + ω)
]
, ω =
1
2
sin θdϕ (3.10)
The bosonic sigma-model Lagrangian and the Virasoro constraints are respectively
L = −1
2
hαβGµν∂αx
µ∂βx
ν (3.11)
Gµν(∂αx
µ∂βx
ν − 1
2
hαβh
γδ∂γx
µ∂δx
ν) = 0 (3.12)
where hαβ =
√−det γγαβ with γαβ being the world-sheet metric. We define for convenience
A ≡ −h00 , B ≡ h01 , Sαβ ≡ Gµν∂αxµ∂βxν (3.13)
where we used that hαβ has only two independent components since deth = −1, thus h11 =
(1−B2)/A. The Lagrangian and Virasoro constraints can now be written as
L = A
2
S00 −BS01 − 1−B
2
2A
S11 (3.14)
(1 +B2)S00 +
2B(1−B2)
A
S01 +
(1−B2)2
A2
S11 = 0
ABS00 + 2(1−B2)S01 − B(1−B
2)
A
S11 = 0
(3.15)
We make the following gauge choice
x+ = κτ (3.16)
16
2pip− =
∂L
∂∂τx−
= const. ,
∂L
∂∂σx−
= 0 (3.17)
where κ is a constant.
From (3.9) we see that τ does not give the right energy scale on the world-sheet. Therefore
we introduce τ˜ = κτ and use the notation
x˙µ =
∂xµ
∂τ˜
, (xµ)′ =
∂xµ
∂σ
(3.18)
We moreover make the following expansions of the quantities A and B
A = 1 + κ2A1 + κ
4A2 + · · · , B = κ3B1 + κ5B2 + · · · (3.19)
This is consistent with the fact that to leading order we have that A = 1 and B = 0. We can
then determine the constant κ from (3.17) and to leading order in λ′ we find
J =
∫ 2pi
0
dσp− =
R2κ
λ′
(3.20)
Therefore, using (3.1), we have that κ =
√
λ′. We see thus that κ→ 0. 7
We can now solve the gauge conditions as
x˙− = −1
2
sin θϕ˙−A1 + κ2(A21 −A2) +O(κ4) , x−′ = −
1
2
sin θϕ′ − κ2B1 +O(κ4) (3.21)
Inserting this in the Virasoro constraints we can now find the solution for A1, A2 and B1
A1 =
1
8
(θ′2 + cos2 θϕ′2) , B1 =
1
4
(θ˙θ′ + cos2 θϕ˙ϕ′) (3.22)
A2 =
1
8
(θ˙2 + cos2 θϕ˙2)− 1
128
(θ′2 + cos2 θϕ′2)2 (3.23)
To write the gauge fixed Lagrangian
Lg = L − 2piκp−x˙− (3.24)
we plug in x˙−, x−′, A and B from (3.21) and (3.22)-(3.23). This gives an expansion in powers
of λ′
Lg = L0 + λ′L1 + · · · (3.25)
with
1
R2
L0 = 1
2
sin θϕ˙− 1
8
(θ′2 + cos2 θϕ′2) (3.26)
1
R2
L1 = 1
8
(θ˙2 + cos2 θϕ˙2) +
1
128
(θ′2 + cos2 θϕ′2)2 (3.27)
From L0, one gets the energy at the order λ′ as can be seen from (3.9). From L1 therefore
one obtains the energy at order λ′2 and so on.
To compute the two-loop correction to the 3-point correlation function coefficient we have
to solve the Landau-Lifshiz sigma model to order λ′3. This in fact would give a contribution
7Note that the constant κ in this paper corresponds to 1/κ of Ref. [7].
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of order λ′2 to the wave function that appears in the final result. We therefore include this
contribution in the computation.
Here we only showed explicitly how to solve the sigma-model up to the order λ′2, corre-
sponding to L1, but the computation can be easily extended to the next order. However, it is
convenient to introduce a more suitable notation in terms of the following parameterization
~n = (cos θ cosϕ, cos θ sinϕ, sin θ) (3.28)
where ~n is a unit vector pointing to a point in the two-sphere. Using this notation we can
rewrite the expressions (3.26) and (3.27) as
1
R2
L0 = 1
2
sin θϕ˙− 1
8
(~n′)2 ,
1
R2
L1 = 1
8
~˙n2 +
1
128
(~n′)4 (3.29)
One should now make a field redefinition that removes the time derivatives in the Lagrangian.
It has been shown [24] that, at the order we are working, this field redefinition corresponds
to evaluating L1 on-shell, i.e. to substitute in the solution of the EOMs from L0 to get rid of
the time derivatives. From L0 we find the EOMs
2~n× ~˙n = −~n′′ − ~n(~n′)2 (3.30)
We compute from this
4~˙n2 = (~n′′)2 − (~n′)4 (3.31)
Thus the on-shell L1 is
(L1)on = 1
32
(~n′′)2 − 3
128
(~n′)4 (3.32)
and the field redefined gauge fixed Lagrangian is
Lg = L0 + λ′(L1)on + · · · (3.33)
giving
1
R2
Lg = 1
2
sin θϕ˙− 1
8
(~n′)2 +
λ′
32
[
(~n′′)2 − 3
4
(~n′)4
]
+O(λ′2) (3.34)
We can now proceed in the same way and include the next order in the computation. Also
in this case we should perform a field redefinition to remove the time derivative from the λ′2
correction to the Lagrangian [24, 26]. The final result is
1
R2
Lg = 1
2
sin θϕ˙− 1
8
(~n′)2 +
λ′
32
[
(~n′′)2 − 3
4
(~n′)4
]
− λ
′2
64
[
(~n′′′)2 − 7
4
(~n′)2(~n′′)2 − 25
2
(~n′~n′′)2 +
13
16
(~n′)6
]
+O(λ′3) (3.35)
3-point function at order λ′
We now are ready to use this result to compute the corrections to the holographic 3-point
correlation function coefficient C123 for two semi-classical operators and a light chiral primary
operator up to two-loops. The prescription for computing this coefficient was put forward
in [2] and in our notation becomes
C123 = cj
√
λ
N
∫ +∞
−∞
dτe
∫ 2pi
0
dσ
2pi
(U¯1U2)
j
cosh2j( τeκ )
[
2
κ2 cosh2( τeκ )
− 1
κ2
− ∂aU¯ · ∂aU
]
(3.36)
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where τe is the Euclidean time and we already used the gauge choice (3.16). cj is a constant
depending only on the parameter j which is associate to the supergravity mode dual to the
chiral primary operator. In our case it is given by
cj =
(2j + 1)!
22j+2j!
√
(2j − 1)! (3.37)
Here U(τ, σ) is a complex vector that parametrizes the embedding of the type IIB string on
S5. We have
U1 = sinψe
iφ1 , U2 = cosψe
iφ2 , U3 = 0 (3.38)
and we work in the Frolov-Tseytlin limit [12, 13] which in our notation is
κ→ 0 , 1
κ
∂τU fixed , ∂σU fixed (3.39)
which provides an expansion in λ′ which parallels the loop expansion on the gauge theory
side. We can then compute the term ∂aU¯ · ∂aU appearing in (3.36). In the limit (3.39) it
becomes
∂aU¯ · ∂aU = − 1
κ2
+
1
2
(~n′)2 − κ
2
16
(~n′)4 +O(κ4) (3.40)
Therefore up to terms second order in κ2 (or equivalently λ′) we get
C123 = cj
√
λ
N
∫ +∞
−∞
dτe
∫ 2pi
0
dσ
2pi
(e−iϕ cos θ)j
2j cosh2j( τeκ )
[
2
κ2 cosh2( τeκ )
− 1
2
(~n′)2 +
κ2
16
(~n′)4 +O(κ4)
]
(3.41)
We can now evaluate the integral over τe. It is clear that the integral over τe peaks around
τe = 0 in the κ → 0 limit. However, we can get a possible contribution from expanding the
integrand around τe = 0.
8 Consider the part G(τe, σ) ≡ (e−iϕ cos θ)j .We expand
G(τe, σ) = G(0, σ) + τe
∂G
∂τe
∣∣∣
(0,σ)
+
1
2
τ2e
∂2G
∂τ2e
∣∣∣
(0,σ)
+ · · · (3.42)
The first correction gives zero when integrated over τe since it is an odd function of τe. The
second correction gives a non-zero contribution instead, but since τe ∼ κ and because of the
Frolov-Tseytlin limit, this correction is of order λ′2. For this reason we see that no other part
of the integrand will pick up a contribution in this way, since they are of higher order in λ′
and we consider only terms up to order λ′2.
Using the EOMs for the Landau-Lifshitz sigma-model we compute
∂2G
∂τ2e
∣∣∣
(0,σ)
= κ2(e−iϕ cos θ)j(K1 +K2) (3.43)
with
K1 = −j(j − 1)
4
[
iθ′′
cos θ
+ sin θ(2 tan θθ′ϕ′ + iϕ′2 − ϕ′′)
]2
(3.44)
8We thank K. Zarembo for pointing this out to us.
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K2 = − j
16
1
cos θ
{
8i sin θ θ′3ϕ′ − 4 cos θ sin2 θ ϕ′4 − 4 cos 3θ ϕ′′2 + 4θ′2[sin θ θ′′ − 5i cos θ ϕ′′
−15 cos θ sin2 θ ϕ′2] + ϕ′2[(5 sin 3θ − 19 sin θ)θ′′ + i(7 cos 3θ − 3 cos θ)ϕ′′]
+4θ′[ϕ′(sin θ(−4i cos 2θ ϕ′2 + (11 cos 2θ − 1)ϕ′′ − 6i cos θ θ′′))− 4i sin θ ϕ′′′]
+8 sin θ ϕ′(sin 2θ ϕ′′′ − 2iθ′′′) + 4 sin θ(θ′′′′ − 6iθ′′ϕ′′)− 4 cos θ(θ′′2 − iϕ′′2)
}
(3.45)
There are three types of integral to perform that we denote as I0, I1 and I2 and they are
given by
I0 =
1
κ
∫ +∞
−∞
dτe
cosh2j+2( τeκ )
=
22j+1 (j!)2
(2j + 1)!
(3.46)
I1 =
1
κ
∫ +∞
−∞
dτe
cosh2j( τeκ )
= I0
2j + 1
2j
(3.47)
I2 =
1
κ3
∫ +∞
−∞
τ2e dτe
cosh2j+2( τeκ )
= I0
1
4
Ψ(1, 1 + j) (3.48)
where Ψ(1, x) = d
2
dx2
log Γ(x). Using this, our final result is
C123 =
J
N
j!
2j
√
(2j − 1)!
∫ 2pi
0
dσ
2pi
(e−iϕ cos θ)j
[
1− (2j + 1)
4j
(
λ′
2
(~n′)2 − λ
′2
16
(~n′)4
)
+
λ′2
4
Ψ(1, 1 + j)(K1 +K2) +O(λ′3)
]
(3.49)
where we used κ2 = λ′.
3.1 Comparison with gauge theory at one loop order
Having the result (3.49), we are ready to make the comparison with the gauge theory result
(2.27). To this end, it is convenient to compute Eq. (3.36) in terms of a different set of
coordinates. We do this in this section where we limit ourselves to consider only up to and
including the one loop correction.
We write the parametrization of the 3-sphere using the unitary vector U(σ, τ) = eiτ/κu(σ, τ),
where u(σ, τ) = (u1(σ, τ), u2(σ, τ), u3(σ, τ)). The limit (3.39) then is
κ→ 0 , 1
κ
∂τu fixed, ∂σu fixed (3.50)
In this limit the EOMs and Virasoro constraints reduce to 2 iκ ∂τu = ∂
2
σu + 2u (∂σu¯ · ∂σu) and
u¯ · ∂σu = 0. The holographic 3-point function coefficient can thus be computed from
C123 = cj
√
λ
N
∫ +∞
−∞
dτe
∫ 2pi
0
dσ
2pi
(
u¯1u2
)j
cosh2j( τeκ )
[
1
κ2 cosh2( τeκ )
− ∂σu¯ · ∂σu +O(κ2)
]
(3.51)
Note that this is the same expression used in [7] if one replaces κ with 1/κ . Evaluating the
integral over τe as before we obtain
C123 =
J
N
j!√
(2j − 1)!
∫ 2pi
0
dσ
2pi
(
u¯1u2
)j [
1− λ′ 2j + 1
2j
∂σu¯ · ∂σu +O(λ′2)
]
(3.52)
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Comparing this result with the one for the dual gauge theory, Eq. (2.28), it is evident that
the leading terms in both sides perfectly match as already pointed out in [7]. However, it is
just as clear that this matching does not extend to the one loop term.
As pointed out in the Introduction, it is not clear that one should have expected the gauge
theory result (2.28) and the string theory result (3.52) to match. This is true even for the
leading order part corresponding to tree-level on the gauge theory side. However, the fact
that the tree-level part does match the string side, certainly raises the hope that also the
one-loop part should match. While our analysis seems to conclude that this is not the case,
we should point out that there are a number of subtleties in the computations that may not be
sufficiently well understood at present in the literature and could therefore possibly affect our
results. First of all the possibility of a further contribution to the result (2.28) coming from
the so-called spin-flipped coherent state [24], as discussed in Section 2.3. Moreover, among
the other possible subtleties is the approximation O1 ' O¯2. Indeed, in our computation we
have assumed that Eq. (2.18) holds also at two-loop order. Moreover the gauge theory side of
the computation, which is based on the prescription of [18, 19, 20], might still require some
explicit tests on the line of the ones performed in [23]. Finally, with our current understanding
of the AdS/CFT correspondence, it is not clear whether or not one should expect a matching
of the two quantities. In the case of 3-point functions the comparison between results obtained
on the gauge theory and string theory sides has been done only in few cases [6, 7, 8] and it has
revealed a very useful instrument for improving our understanding of both the gauge theory
and the string theory side. It would be extremely interesting to push this program forward.
Acknowledgments
We thank Kolya Gromov, Romuald Janik, Martin Kruczenski, Amit Sever, Pedro Vieira and
Kostya Zarembo for interesting and stimulating discussions. We thank Jan Plefka for useful
correspondence. Finally, we thank Charlotte Kristjansen for interesting discussions and for
reading the manuscript. TH thanks the Niels Bohr Institute for kind hospitality.
References
[1] N. Beisert, C. Ahn, L. F. Alday, Z. Bajnok, J. M. Drummond, et al., “Review of AdS/CFT
Integrability: An Overview,” arXiv:1012.3982 [hep-th].
[2] K. Zarembo, “Holographic three-point functions of semiclassical states,” JHEP 1009 (2010) 030,
arXiv:1008.1059 [hep-th].
[3] M. S. Costa, R. Monteiro, J. E. Santos, and D. Zoakos, “On three-point correlation functions in
the gauge/gravity duality,” JHEP 1011 (2010) 141, arXiv:1008.1070 [hep-th].
[4] R. Roiban and A. Tseytlin, “On semiclassical computation of 3-point functions of closed string
vertex operators in AdS5xS
5,” Phys.Rev. D82 (2010) 106011, arXiv:1008.4921 [hep-th].
R. Hernandez, “Three-point correlation functions from semiclassical circular strings,” J.Phys.A
A44 (2011) 085403, arXiv:1011.0408 [hep-th]. D. Arnaudov and R. Rashkov, “On
semiclassical calculation of three-point functions in AdS4xCP
3,” Phys.Rev. D83 (2011) 066011,
arXiv:1011.4669 [hep-th]. G. Georgiou, “Two and three-point correlators of operators dual
to folded string solutions at strong coupling,” JHEP 1102 (2011) 046, arXiv:1011.5181
21
[hep-th]. J. Escobedo, N. Gromov, A. Sever, and P. Vieira, “Tailoring Three-Point Functions
and Integrability,” JHEP 1109 (2011) 028, arXiv:1012.2475 [hep-th]. C. Park and B.-H.
Lee, “Correlation functions of magnon and spike,” Phys.Rev. D83 (2011) 126004,
arXiv:1012.3293 [hep-th]. D. Bak, B. Chen, and J.-B. Wu, “Holographic Correlation
Functions for Open Strings and Branes,” JHEP 1106 (2011) 014, arXiv:1103.2024 [hep-th].
D. Arnaudov, R. Rashkov, and T. Vetsov, “Three and four-point correlators of operators dual to
folded string solutions in AdS5xS
5,” Int.J.Mod.Phys. A26 (2011) 3403–3420, arXiv:1103.6145
[hep-th]. R. Hernandez, “Three-point correlators for giant magnons,” JHEP 1105 (2011) 123,
arXiv:1104.1160 [hep-th]. X. Bai, B.-H. Lee, and C. Park, “Correlation function of dyonic
strings,” Phys.Rev. D84 (2011) 026009, arXiv:1104.1896 [hep-th]. C. Ahn and P. Bozhilov,
“Three-point Correlation functions of Giant magnons with finite size,” Phys.Lett. B702 (2011)
286–290, arXiv:1105.3084 [hep-th]. T. Klose and T. McLoughlin, “A light-cone approach to
three-point functions in AdS5xS
5,” arXiv:1106.0495 [hep-th]. D. Arnaudov and R. Rashkov,
“Quadratic corrections to three-point functions,” arXiv:1106.0859 [hep-th]. D. Arnaudov
and R. Rashkov, “Three-point correlators: examples from Lunin-Maldacena background,”
Phys.Rev. D84 (2011) 086009, arXiv:1106.4298 [hep-th]. M. Michalcik, R. C. Rashkov, and
M. Schimpf, “On semiclassical calculation of three-point functions in AdS5 × T (1, 1),”
arXiv:1107.5795 [hep-th]. N. Gromov, A. Sever, and P. Vieira, “Tailoring Three-Point
Functions and Integrability III. Classical Tunneling,” arXiv:1111.2349 [hep-th].
[5] J. Russo and A. Tseytlin, “Large spin expansion of semiclassical 3-point correlators in
AdS5xS
5,” JHEP 1102 (2011) 029, arXiv:1012.2760 [hep-th].
[6] A. Bissi, C. Kristjansen, D. Young, and K. Zoubos, “Holographic three-point functions of giant
gravitons,” JHEP 1106 (2011) 085, arXiv:1103.4079 [hep-th].
[7] J. Escobedo, N. Gromov, A. Sever, and P. Vieira, “Tailoring Three-Point Functions and
Integrability II. Weak/strong coupling match,” arXiv:1104.5501 [hep-th].
[8] G. Georgiou, “SL(2) sector: weak/strong coupling agreement of three-point correlators,” JHEP
1109 (2011) 132, arXiv:1107.1850 [hep-th].
[9] R. A. Janik and A. Wereszczynski, “Correlation functions of three heavy operators: The AdS
contribution,” arXiv:1109.6262 [hep-th].
[10] Y. Kazama and S. Komatsu, “On holographic three point functions for GKP strings from
integrability,” arXiv:1110.3949 [hep-th].
[11] E. Buchbinder and A. Tseytlin, “Semiclassical correlators of three states with large S**5 charges
in string theory in AdS(5) x S**5,” arXiv:1110.5621 [hep-th].
[12] S. Frolov and A. A. Tseytlin, “Rotating string solutions: AdS/CFT duality in non-
supersymmetric sectors,” Phys. Lett. B570 (2003) 96–104, hep-th/0306143.
[13] M. Kruczenski, “Spin chains and string theory,” Phys. Rev. Lett. 93 (2004) 161602,
hep-th/0311203.
[14] P. Y. Casteill, R. A. Janik, A. Jarosz, and C. Kristjansen, “Quasilocality of joining/splitting
strings from coherent states,” JHEP 12 (2007) 069, arXiv:0710.4166 [hep-th].
[15] J. Callan, Curtis G. et al., “Quantizing string theory in AdS5 × S5: Beyond the pp- wave,”
Nucl. Phys. B673 (2003) 3–40, arXiv:hep-th/0307032.
[16] J. Callan, Curtis G., T. McLoughlin, and I. Swanson, “Holography beyond the Penrose limit,”
Nucl. Phys. B694 (2004) 115–169, arXiv:hep-th/0404007.
22
[17] T. Harmark, K. R. Kristjansson, and M. Orselli, “Matching gauge theory and string theory in a
decoupling limit of AdS/CFT,” arXiv:0806.3370 [hep-th].
[18] K. Okuyama and L.-S. Tseng, “Three-point functions in N = 4 SYM theory at one-loop,” JHEP
0408 (2004) 055, arXiv:hep-th/0404190 [hep-th].
[19] R. Roiban and A. Volovich, “Yang-Mills correlation functions from integrable spin chains,”
JHEP 0409 (2004) 032, arXiv:hep-th/0407140 [hep-th].
[20] L. F. Alday, J. R. David, E. Gava, and K. Narain, “Structure constants of planar N = 4 Yang
Mills at one loop,” JHEP 0509 (2005) 070, arXiv:hep-th/0502186 [hep-th].
[21] N. Beisert, C. Kristjansen, J. Plefka, G. W. Semenoff, and M. Staudacher, “BMN correlators
and operator mixing in N = 4 super Yang-Mills theory,” Nucl. Phys. B650 (2003) 125–161,
hep-th/0208178.
[22] C. Kristjansen, “Review of AdS/CFT Integrability, Chapter IV.1: Aspects of Non-Planarity,”
arXiv:1012.3997 [hep-th].
[23] G. Georgiou, V. Gili, A. Grossardt and J. Plefka, “Three-point functions in planar N=4 super
Yang-Mills Theory for scalar operators up to length five at the one-loop order,”
arXiv:1201.0992 [hep-th].
[24] M. Kruczenski, A. V. Ryzhov, and A. A. Tseytlin, “Large spin limit of AdS5 × S5 string theory
and low energy expansion of ferromagnetic spin chains,” Nucl. Phys. B692 (2004) 3–49,
hep-th/0403120.
[25] J. A. Minahan, A. Tirziu, and A. A. Tseytlin, “1/J corrections to semiclassical AdS/CFT states
from quantum Landau-Lifshitz model,” Nucl. Phys. B735 (2006) 127–171, hep-th/0509071.
[26] J. A. Minahan, A. Tirziu, and A. A. Tseytlin, “1/J2 corrections to BMN energies from the
quantum long range Landau-Lifshitz model,” JHEP 11 (2005) 031, hep-th/0510080.
[27] G. Grignani, T. Harmark, and M. Orselli, “The SU(2) x SU(2) sector in the string dual of N=6
superconformal Chern-Simons theory,” Nucl. Phys. B810 (2009) 115–134, arXiv:0806.4959
[hep-th].
[28] D. Astolfi, V. G. M. Puletti, G. Grignani, T. Harmark, and M. Orselli, “Finite-size corrections
in the SU(2) × SU(2) sector of type IIA string theory on AdS4 × CP 3,” Nucl. Phys. B810
(2009) 150–173, arXiv:0807.1527 [hep-th].
23
